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I. Introduction

S ATELLITE tether systems have received much attention over
the past two decades, for their cost-effective nature, in numer-

ous space applications. Missions such as capture of nonfunctional
satellites to put them into graveyard orbits1,2 and transfer of satel-
lites from low Earth orbits (LEOs) to geostationary Earth orbits3

have been conceptually designed with tether systems. These mis-
sions involve the rendezvous of the tether end with a target. Guid-
ance and control strategies are required to manipulate the tether end
to allow this critical step of rendezvous to happen. Also, applica-
tions such as deorbiting or reboosting can benefit by maintaining
tether at an angle to maximize the electromagnetic force. Gravity
gradient tends to stabilize a nonconducting tether to a radial con-
figuration, whereas electrodynamic forces present in a conducting
tether sway the tether away from the radial configuration. Forward
et al.,4 discuss the optimization of the tether angle at which the
component of electrodynamic force in the tangential direction can
be maximized while having a stable tether configuration. They also
mention briefly the idea of using a control resistor for the control
of tether angle. This is the motivation behind the work presented in
this Note. We consider the problem of maneuver of tether from one
equilibrium configuration to another to show the effectiveness of a
control resistor.

In the literature, electrodynamic tethers are modeled mainly as
massless rigid bodies with some tip mass5 or as a rigid tether with
distributed mass.6 In this Note, we model the tether as a rigid body
with distributed mass. The gravity gradient that exists along the
length of the tether is modeled while considering the dynamics of
the tether. Because the magnetic field varies as 1/r 3, we assume a
constant magnetic field along the length of the tether. It is observed
that both linear and nonlinear current-voltage (I-V) characteristics
are used in the literature when the electrodynamic tether problem
is examined. Forward et al.4 and Corsi and Iess7 use the linear I-V
characteristics to discuss the deorbiting issues in an electrodynamic
tether. Pelaez et al.6 and Dobrowolny8 use a nonlinear I-V model to
study the dynamic instabilities in an electrodynamic tether. Because
the main aim of this Note is to study the use of a control resistor
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as an actuator, we have used a linear I-V model to emphasize the
control problem. This will also provide an insight into using the
control resistor for nonlinear I-V characteristics case.

The primary contribution of this Note is that we use a variable
resistor in series with the tether as the control parameter for equilib-
rium to equilibrium maneuvers. The tether angle can also be modi-
fied by applying a torque input at the joint. However, this is unrealis-
tic when working with a tether system. The use of a variable resistor
helps in achieving various stable equilibrium solutions in the [−π, 0]
range, as opposed to the existence of only two stable equilibrium so-
lutions when a fixed resistor is used with torque control input. This
point will be discussed in more detail in the following sections. Also,
we believe that the method of changing the resistance of the circuit
is more energy efficient than applying a torque. Moreover, when
the tether is modeled as a variable length flexible body, a boundary
control, in the form of drum torque input, leaves the system highly
underactuated. In these situations, a variable resistor can be used
along with the torque input to improve the controllability of the sys-
tem. Our contributions are summarized as follows: 1) The tether is
modeled as a rigid body with distributed mass rather than as massless
rigid body with tip mass as in existing models. Such a model allows a
clear analytical description of relative equlibria on equatorial circu-
lar orbits. In the literature, there are no such analytical descriptions.
2) This in turn gave a direct insight into choosing a resistor in series
with the tether as a control parameter. Control laws were developed
in terms of this resistance for equilibrium to equilibrium maneuvers.
Because the resistor can only increase the resistance from a nominal
value, the change in resistance is only allowed to be positive from
the nominal value. The positivity of the control resistance is assured
through a strategic choice of gains. To the best of the authors’ knowl-
edge no control laws are studied in the literature for the manipulation
of the tether angle; this is a new contribution of this Note.

The rest of the Note is organized as follows: In Sec. II, we look at
the dynamics of a tether in magnetic equatorial orbits. In Sec. III, we
discuss the possible equilibrium configurations of the tether when
the satellite is restricted to circular orbits. In Sec. IV, we present feed-
back control laws to perform equilibrium to equilibrium maneuvers.

II. Dynamics of Tether
We consider a satellite of mass m1 rotating around the Earth

in the magnetic equatorial plane. A tether of length L and mass
m2 is attached to the satellite via a pin joint, about which it can
freely rotate. The tether is modeled as a rigid body with mass mc

distributed along the length of the tether. Generally, the lengths of
the tether are in the range of 5–50 km. Thus, a gravity gradient
exists along the length of the tether. Because the magnetic field
varies as 1/r 3, we assume that it remains constant along the length
of the tether. Forward et al.4 point out that aluminum is a good
material for the tether because of its low resistivity (27.4 n� · m), low
density (2700 kg/m3), and low cost compared to copper and silver.
Therefore, we use an aluminum tether in our simulation studies. In
the following section, we will develop the dynamics of the tether
assuming that L/r � 1.

Let X–Y be the inertial frame fixed to the center of the Earth. The
configuration of the system at some time t can be described by the
parameters r , θ1, and θ2 (Fig. 1), where r is the radial position of
the satellite from the center of the Earth, θ1 is the angular position
of the satellite measured from X , and θ2 is the angle of the tether
in the orbital frame (êr − êθ ). Here b̂1 − b̂2 represents the tether
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Fig. 1 Satellite tether model.

Fig. 2 Nontilted dipole model of Earth magnetic field.

attached local frame. Let lc be the distance from the c.m. of the
tether to satellite. In the following derivations, we assume that the
tether mass is uniformly distributed, and so lc = L/2. If the mass is
not uniformly distributed or if there is a point mass (subsatellite) at
the other end of the tether, then lc needs to be suitably modified, but
essentially the concept remains the same.

Let R1 and R2 be the thruster forces acting on the satellite that
constrain it to rotate in a certain orbit that is essential to realize equi-
librium configurations for the tether. Similar analysis given in the
Note can be applied to an alternate formulation in which the cen-
ter of mass of the whole system is assumed to have the prescribed
motion instead of the satellite. In either case, because r and θ1 have
prescribed motion, we derive only θ2 dynamics in this section. Let
F be the electrodynamic force acting on the tether. Given a model
of the Earth’s magnetic field, we can derive this force using the ba-
sic laws of electromagnetics.9 In this Note, we consider a nontilted,
Earth-centered dipole model for the magnetic field of the Earth6,10,11

(Fig. 2). The dipole strength Mdp is taken as 7.7881022 A · m2 (ob-
tained from International Geomagnetic Reference Field 2000 val-
ues). Using this dipole model, we can express the magnetic field in
the equatorial plane as B = (µ0 M/4πr 3)k̂.

A. Electrodynamic Force
The velocity of an element dξ of the tether at a distance ξ from

the satellite is

Vdξ = ṙ êr + r θ̇1êθ + ξ(θ̇1 + θ̇2)b̂2 (1)

Using Faraday’s law of induction, we can find the induced emf ε in
the tether due to the motion of the tether in the magnetic field of the
Earth as

ε =
∫

dε =
∫ L

0

Vdξ × Bk̂ · dξ b̂1

= BL

[
−ṙ sin(θ2) + r θ̇1 cos(θ2) + L

2
(θ̇1 + θ̇2)

]
(2)

When linear current-voltage characteristics are assumed, that is,
I = ε/Res, where Res is the resistance of the tether, the electro-
dynamic force experienced by the current carrying tether in the
magnetic field can be calculated as

F =
∫

dF =
∫ L

0

I (dξ b̂1 × Bk̂)

= − B2 L2

Res

[
−ṙ sin(θ2) + r θ̇1 cos(θ2) + L

2
(θ̇1 + θ̇2)

]
︸ ︷︷ ︸

F

b̂2 (3)

Forward et al.4 derive a similar expression for electrodynamic force
on a rigid tether in circular orbit (ṙ = 0) at a constant tilt from the
local vertical (θ̇2 = 0).

B. Equations of Motion
Dynamics of the motion of θ2 can be obtained from the Lagrange’s

equation as follows:

∂

∂t

∂L

∂θ̇2

− ∂L

∂θ2
= Fθ2 (4)

where L = K − V and K is kinetic energy and V is potential energy.
The generalized force Fθ2 in Eq. (4) can be derived considering the
virtual work done by the external forces acting on the system,

δW = Fθ2δθ2 =
∫ L

0

− F

L
dξ b̂2 × ξ b̂1 · δθ2k̂

⇒ Fθ2 = − F L

2
(5)

The kinetic energy K and potential energy V of the system can be
written as

K = 1

2
m1

(
ṙ 2 + r 2θ̇2

1

) + 1

2
mc

{[
ṙ − lc(θ̇1 + θ̇2) sin(θ2)

]2

+ [
r θ̇1 + lc(θ̇1 + θ̇2) cos(θ2)

]2} + 1

2
IC (θ̇1 + θ̇2)

2 (6)

V =

V1︷ ︸︸ ︷
− G Mm1

r
− G Mmc

L

∫ L

0

1√
r 2 + ξ 2 + 2rξ cos(θ2)

dξ

︸ ︷︷ ︸
V2

(7)

To avoid singularities in V2, we expand it in Taylor series of L/r ,
neglecting terms of order (L/r)3 and higher,

V2 = (−G Mmc)
{

1 − [cos(θ2)/2](L)

+ [− 1
6 + 1

2 cos2(θ2)
]
(L)2

}
(8)

Substituting the expressions for K , V and Fθ2 in Eq. (4), we get

mc L2

3
θ̈2 = mc

L

2
sin(θ2)

(
r̈ − r θ̇ 2

1

) − mc
L

2
cos(θ2)(r θ̈1 + 2ṙ θ̇1)

− mc L2

3
θ̈1 + G Mmc sin(θ2)

r

[
1

2

(
L

r

)
−

(
L

r

)2

cos(θ2)

]

− B2 L3

2Res

[
−ṙ sin(θ2) + r θ̇1 cos(θ2) + L

2
(θ̇1 + θ̇2)

]
(9)
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III. Circular Orbit: Equilibrium Solutions
If the reference orbit followed by the satellite is a circular or-

bit (ω = θ̇1 = √
G M/r 3), then θ̈1 = 0, and r̈ = 0, and ṙ = 0. We can

simplify Eq. (9) as(
mc L2

/
3
)
θ̈2 = −mc L2θ̇2

1 sin(θ2) cos(θ2) − (B2 L3/2 Res)

× [r θ̇1 cos(θ2) + (L/2)(θ̇1 + θ̇2)] (10)

Furthermore, if there is an equilibrium for θ2, then θ̇2 = 0, and θ̈2 = 0.
Substituting these in the preceding equation of motion, we get

−mc L2θ̇ 2
1 sin(θ2) cos(θ2) − (B2 L3/2 Res)[r θ̇1 cos(θ2)

+ (L/2)θ̇1] = 0 (11)

For a choice of system variables, the numerical solutions of θ2 of
Eq. (11) are closely related to the following approximate analytical
expressions:

cos(θ2) ≈ − L

2r
, Res <

B2 Lr

2mc θ̇1

cos(θ2) ≈ − L

2r
, sin(θ2) ≈ − B2 Lr

2mc θ̇1Res
, Res >

B2 Lr

2mc θ̇1

(12)

We know that the tether has some internal resistance because of
its material properties. For example, an aluminum tether, of length
L = 5 km and area of cross section A = 3.14 mm2, will have an
inherent resistance of Resi = 43.6 �. We can view Res as a control
resistor Resu in series with the inherent tether resistance Resi . We
can change the control resistance Resu to any desired positive value
and, thus, change Res. From Eq. (12), it is clear that for different val-
ues of Res, we can get different equilibrium values, all lying in the
[0, −π ] range. No matter what value of Resu we choose, there are al-
ways two equilibrium values close to −(π/2) and +(π/2) (because
L/2r � 1). All of the simulations and examples here are performed
for a satellite rotating in a circular orbit of radius r = 7671 km, with
an aluminum tether of length L = 5 km and area of cross section
A = π mm2.

A. Point-to-Point Motion with Natural Damping
Because the electrodynamic force acts as drag force, the sys-

tem will have certain stable equilibrium solutions. In fact all of
the possible solutions in the [−π, 0] range, discussed in this sec-
tion, are stable equilibrium solutions for an appropriate value of
resistance. For example, for a control resistance Resu = 545.8 �,
θ2 = − 165.93 deg, and −14.08 deg are stable equilibrium solu-
tions (Fig. 3). We know that every stable equilibrium solution has
its own domain of attraction. Therefore, this idea can be used to
move the system from one equilibrium to another. However, be-
cause the system is lightly damped, we expect that it might take a
long time for the tether to come to equilibrium.

Fig. 3 Phase plot θ̇2 Vs θ2 when Resu = 545.8 Ω.

B. Natural Damping: Example
If the tether is in equilibrium at θ2 = −82.82 deg, which corre-

sponds to Resu = 101.2 �, and we want it move to θ2 = −14.08 deg,
which corresponds to Resu = 545.8 �, then an instantaneous change
of Resu from 101.2 � to 545.8 � makes the initial point lie in the
domain of attraction of the target point (Fig. 3). From Fig. 4, we can
see that, with natural damping alone, the tether oscillates about the
target point and takes more than 360 days to come to equilibrium at
that point.

IV. Feedback Control Law: Set Point Control
In Sec. III, we see that the response of the system with natu-

ral damping alone is not desirable. In this section, we develop a
feedback control law for the variable resistor to achieve faster equi-
librium to equilibrium maneuvers. In the following discussion, θ20

represents the initial tether equilibrium angle and θ2 f the final tether
equilibrium angle to be achieved. To achieve a feedback linearized
system, we need to cancel the nonlinear terms in the dynamic equa-
tion of θ2. This is achieved by considering the following control law:

Resu =
term1︷ ︸︸ ︷(

3B2 L
/

2mc

)
r θ̇1

[
cos(θ2) + (L/2r)

] term2︷ ︸︸ ︷
+(

3B2 L2
/

4mc

)
θ̇2

K1θ̇2 + K2(θ2 − θ2 f )︸ ︷︷ ︸
term3

−3θ̇2
1 sin(θ2) cos(θ2)︸ ︷︷ ︸

term4

− Resi

(13)

The choice of the gains K1 and K2 should take into consideration
the constraint that Resu should always be positive. Note that term1/
term4 is always positive when θ2 lies in the [0, −π ] range (except
in the vicinity of −π/2) in which all equilibrium configurations
are located. In fact, term1/term4 > Resi at LEOs for typical tether
properties (such as aluminum tether of 5-km length). Here term2
and term3 are transient terms; they die out with time. Therefore, if

Fig. 4 Motion of tether from θ2 = −−82.82 to θ2 = −−14.08 deg with nat-
ural damping.
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a) b)

Fig. 5 Critically damped controller with wn = 1.7 ×× 10−4, θ20 = −−165.93 deg and θ2f = −−14.08 deg: a) θ2(t) and b) Resu(t).

a) b)

Fig. 6 Critically damped controller with wn = 1.7 ×× 10−4, θ20 = −−82.82 deg and θ2f = −−14.08 deg: a) θ2(t) and b) Resu(t).

a) b)

Fig. 7 Critically damped controller with wn = 0.001, θ20 = −−176 deg and θ2f = −−100 deg: a) θ2(t) and b) Resu(t).

peak values of term2 and term3 are made an order of magnitude
less than term1 and term4, repectively (by a proper choice of K1

and K2), then we can make sure that Resu is always positive. Using
the preceding control law to feedback linearize the system, we get
the closed-loop dynamics as

θ̈2 = −K1θ̇2 − K2(θ2 − θ2 f ) (14)

Let e = θ2 − θ2 f , K1 = 2ζwn , and K2 = w2
n ; then, the closed-loop

dynamics becomes

ë + 2ζwn ė + w2
ne = 0 (15)

In Eq. (15), ζ and wn have to be chosen such that the peak values
of term2 and term3 are an order of magnitude less than term1 and
term4, respectively. Toward this aim, we can consider three differ-
ent type of controllers, 1) critically damped (ζ = 1), 2) overdamped
(ζ > 1), and 3) underdamped (ζ < 1). In the following paragraphs,
we take a case of critically damped controller to find the control
gains.

For this case, K1 = 2wn and K2 = w2
n . Integrating the error dy-

namics gives θ2(t), which can be differentiated to get θ̇2(t) and θ̈2(t).
Using the analytical solutions for θ2(t), we have the following terms:

term2:
(
3B2 L2

/
4mc

)[−w2
n(θ20 − θ2 f )e

−wn t t
]

term3: w2
n(θ20 − θ2 f )e

−wn t (1 − wnt) (16)

For a particular choice of system parameters r = 7671 km, L = 5 km,
and A = πmm2, with tether material as aluminum, we have the fol-
lowing:

term1:O(−4), term3: w2
nπ,

term2:O(−4)
(
w2

nπ
/

e
)
, term4:O(−6) (17)

If term2 < term1/10 and term3 < term4/10, then wn ≤ 1.7 ∗ 10−4.

Figure 5 shows the response of θ2 for a step input, with a criti-
cally damped controller and wn = 1.7 × 10−4. Note that Resu(t) is
always positive and that the approximated curve term1/term4 − Resi

matches very closely the actual one. Figure 6 shows the re-
sponse of θ2(t) when θ20 = −82.82 deg and θ2 f = −14.08 deg.
The tether comes to equilibrium at the final point within 25 h,
which is small compared to 365 days using just natural damping
(Sec. III.A).

Similarly gains can be chosen assuming underdamped and over-
damped controllers. Note that there can be gains that do not neces-
sarily make one term or the other an order of magnitude higher than
the other. Because it is difficult to assure analytically the positivity
of Resu for such gains, a computer program can be used for this end.
For example, wn = 0.001 achieves the set point control in less time
(3 h) but it does not fit the described category (Fig. 7).

V. Conclusions
The dynamics of an electrodynamic tether system is derived with

the system restricted to an equatorial plane. The tether was modeled
as a rigid body with mass distributed throughout the length. For
the magnetic field of the Earth, we considered a nontilted, Earth-
centered dipole model. Approximate analytical expressions for the
relative equilibrium solutions of the tether are derived in terms of
system parameters when the satellite is restricted to circular orbits.
A variable resistor was chosen as a control parameter and feedback
control laws were designed for equilibrium to equilibrium maneu-
vers. Gains of the feedback control laws were chosen with a strategy
that can always acheive positivity of the control resistor because re-
sistance can never be negative.

For a particular choice of system parameters, gains were found
for critically damped controller such that the control resistance is
always positive. Simulation results show the effectiveness of the
feedback controller. The response time was considerably less for
the feedback controller compared to the naturally damped system.
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Simulation results with gains that cannot analytically assure the
positivity of the control resistance but can achieve faster maneuvers
are given.

Faster response times allow us to employ the control resistor
effectively even when trajectories are not exactly circular and mag-
netic field varies over the orbit. This can be done by approximating
the orbit as a combination of circular arcs and neglecting the small
variations in the magnetic field over a circular arc. By employing
control laws over different circular arcs, we can effectively control
the tether angle.

During deorbiting or reboosting, it is practical to approximate the
intantaneous orbit to a circular orbit. To optimize electrodynamic
drag (or thrust) force in such cases, we can use the control resistor to
control the librations of the tether and to maintain an optimum tether
angle. In the real case, the tether cannot be treated as a rigid body.
If it is modeled as a flexible body, then we have infinite degrees of
freedom. In such a case, we can use a control resistor as an actuator,
in addition to any boundary control, to improve the controllability
of the system.
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